We present a conjecture generalizing the Cauchy formula for Macdonald polynomials. This conjecture encodes the mixed Hodge polynomials of the character varieties of representations of the fundamental group of a Riemann surface of genus g to GL n (C) with fixed generic semi-simple conjugacy classes at k punctures. Using the character table of GL n (F q ) we calculate the E-polynomial of these character varieties and confirm that it is as predicted by our main conjecture. Then, using the character table of gl n (F q ), we calculate the E-polynomial of certain associated comet-shaped quiver varieties, the additive analogues of our character variety, and find that it is the pure part of our conjectured mixed Hodge polynomial. Finally, we observe that the pure part of our conjectured mixed Hodge polynomial also equals certain multiplicities in the tensor product of irreducible representations of GL n (F q ). This implies a curious connection between the representation theory of GL n (F q ) and Kac-Moody algebras associated with comet-shaped, typically wild, quivers.
Introduction
Let x = {x 1 , x 2 , . . . } and y = {y 1 , y 2 , . . . } be two infinite sets of variables and Λ(x) and Λ(y) be the corresponding ring of symmetric functions. For a partition λ letH λ (x; q, t) ∈ Λ(x) ⊗ Z Q(q, t) be the Macdonald symmetric function defined in [10, I.11] . These functions satisfy the Cauchy identity (in a form equivalent to [10 where Exp is the plethystic exponential (see, for example, [17, §2.5] ; we recall the formalism of Exp and its inverse Log in §2.3), P is the set of all partitions, m λ ∈ Λ are the monomial symmetric functions and the product in the denominator on the right hand side is over the cells of λ with a and l their arm and leg lengths, respectively. In this paper we will think of (1.1.1) as the special case g = 0, k = 2 of a formula pertaining a genus g Riemann surface with k punctures. Fix integers g ≥ 0 and k > 0. Let x 1 = {x 1,1 , x 1,2 , . . . }, . . . , x k = {x k,1 , x k,2 , . . . } be k sets of infinitely many independent variables and let Λ(x 1 , . . . , x k ) be the ring of functions separately symmetric in each of the set of variables. When there is no risk of confusion of what variables are involved we will simply write Λ for this ring.
Define Here h µ := h µ 1 (x 1 ) · · · h µ k (x k ) ∈ Λ are the complete symmetric functions and ·, · is the extended Hall pairing defined in (2.3.1). Recall that {m λ } and {h λ } are dual bases with respect to the Hall pairing and we may hence recover Ω(z, w) from the H µ (z, w)'s by the formula:
Note that H µ = 0 unless |µ 1 | = · · · = |µ k |. With this notation (1. ) and r i := ℓ(µ i ) is the length of µ i (P n denotes the set of partitions of n). Let M µ be a GL n (C) character variety of a kpunctured genus g Riemann surface, with generic semi-simple conjugacy classes of type µ at the punctures. In other words, fix semisimple conjugacy classes C 1 , . . . , C k ⊂ GL n (C), which are generic in the sense of )X 1 · · · X k = I n }//GL n (C), an affine GIT quotient by the conjugation action of GL n (C), where for two matrices A, B ∈ GL n (C), we put (A, B) = ABA −1 B −1 and I n is the identity matrix. We prove in Theorem 2.1.5 that M µ is a non-singular variety of dimension
(1.1.5)
For example, when k = 1 and µ = ((n)) M µ is just the variety M n of [17] .
As a natural continuation of [17] here we study the compactly supported mixed Hodge polynomials
where h i, j;k c (M µ ) are the compactly supported mixed Hodge numbers of [4, 5] . For any variety X/C the polynomial H c (X; x, y, t) is a common deformation of its compactly supported Poincaré polynomial P c (X; t) = H c (X; 1, 1, t) and its so-called E-polynomial E(X; x, y) = H c (X; x, y, −1).
Conjecture 1.1.1. The polynomial H c (M µ ; x, y, t) depends only on xy and t. If we let H c (M µ ; q, t) := H c (M µ ;
√ q, √ q, t) then
In this paper we will present several consistency checks and prove several implications of this conjecture. For k = 1 and µ 1 = (n) Conjecture 1. In particular, due to the known symmetryH λ (x i ; q, t) =H λ ′ (x i ; t, q) ([10, Corollary 3.2]) of Macdonald polynomials, we have that the right hand side of (1.1.3) is invariant both under changing (z, w) to (w, z) and under changing (z, w) to (−z, −w). Hence the same holds for H µ (z, w) and Conjecture 1.1.1 implies Conjecture 1.1.2 (Curious Poincaré Duality).
Here we list our three main results:
Character Variety Theorem 1.2.1. The polynomial E(M µ ; x, y) = H c (M µ ; x, y, −1) depends only on xy and if we let E(M
The calculation of E(M µ ; q) follows the same route as in [17] . We prove that M µ is polynomial count and hence by Katz's theorem [17, Theorem 6.1.2.3] E(M µ ; q) = #{M µ (F q )}. To count the points of M µ over a finite field we use the mass formula #{M µ (F q )} = χ∈Irr(GL n (F q )) |GL n (F q )| 2g−2 (q − 1)
originally due to Frobenius [8] for g = 0. The evaluation of the formula is facilitated by the combinatorial understanding of the character table of GL n (F q ) first obtained in [11] .
Quiver Variety
For our second main result we need to introduce a new variety. For i = 1, . . . , k let O i ⊂ gl n (C) be a semisimple adjoint orbit in the Lie algebra gl n (C) of type µ i ; as before, this means that {µ 
an affine GIT quotient by the conjugation action of GL n (C), where [·, ·] is the Lie bracket in gl n (C). We prove in Theorem 2.2.4 that Q µ is a smooth variety of dimension d µ . It is a quiver variety in the sense of Nakajima and Crawley-Boevey associated to the comet-shaped quiver Γ consisting of g loops on a central vertex and k legs of length ℓ(µ i ). See §2.2 for more details. where P c (Q µ , t) is the compactly supported Poincaré polynomial of Q µ .
As in the multiplicative case, Katz's theorem [17, Theorem 6.1.2.3] implies that E(Q µ ; q) = #{Q µ (F q )}. The calculation of the number of points on the right is performed using the mass formula
where C gl n (F q ) (x) denotes the centralizer of x in gl n (F q ). The evaluation of this sum is based on a combinatorial understanding of the formulas in [28] in the case of gl n (F q ). One can consider Theorem 1.3.1 as further evidence for Conjecture 1.1.1, at least in the light of the purity conjecture PH c (M µ ; q) = E(Q µ ; q) of [14] , where PH c (M µ ; q) :
i is the pure part of H c (M µ ; q). Conjecture 1.1.1 implies that the right hand side of (1.3.1) equals PH c (M µ ; q). In general then, taking the pure part should correspond to the evaluation z = 0, w = √ q. For example, the pure part of the Macdonald symmetric function isH λ (x; w) :=H λ (x; 0, w) a (transformed version of) the Hall-Littlewood symmetric function. Thus Theorem 1.3.1 shows that the E-polynomials of the above quiver varieties are closely related to the generalized Cauchy formula for Hall-Littlewood functions.
Multiplicities
For our third main theorem we need to introduce some complex irreducible characters of G := GL n (F q ). 
is generic in the sense of Definition 4.2.2 (such a choice is possible for every µ).
To simplify the notation we let
it is the character of the permutation representation where G acts on the set gl n (F q ) by conjugation.
Theorem 1.4.1. The following identity holds
where , is the usual scalar product of characters.
Corollary 1.4.2. For µ indivisible the following are equivalent:
b) The quiver variety Q µ is empty.
In the genus g = 0 case, the problem of deciding whether Q µ is empty was solved by Kostov [24] [25]. Later on, Crawley-Boevey [2] reformulated Kostov's answer in terms of roots. Namely he proved that Q µ is non-empty if and only if α, the dimension vector for Γ with dimension l j=1 µ i j at the l-th vertex on the i-th leg, is a root of the Kac-Moody algebra associated to Γ.
Consider now the number A µ (q) of absolutely indecomposable representations of Γ of dimension α over the finite field F q (up to isomorphism). Kac [21] proved that A µ (q) is a polynomial in q with integer coefficients and conjectured that these coefficients are non-negative [20, Conjecture 2] . Crawley-Boevey and Van den Bergh proved [3] this latter conjecture precisely in the case when α is indivisible (i.e. when µ is indivisible) by giving a cohomological interpretation for A µ (q). In our case their result says that for µ
. This result together with Theorem 1.3.1 and Theorem 1.4.1 implies
when µ is indivisible. In [15] we prove the equality (1.4.2) for any µ. Assuming Conjecture 1.1.1, this gives a cohomological interpretation of both Λ ⊗ R µ , 1 and A µ (q) for comet-shaped quivers, which in particular, implies Kac's conjecture on the coefficients of A µ (q) for such quivers.
As a final remark, we would like to bring to the reader's attention some recent related work. The first Kac conjecture [20, Conjecture 1] , asserting that the constant term of the A-polynomial of a quiver is a certain multiplicity in the corresponding Kac-Moody algebra, has recently been proved for any loop-free quiver in [13] using Nakajima quiver varieties and techniques closely related to the ones in this paper. The manuscript [18] studies the A-polynomials from a point of view motivated by [17] and this paper.
Generalities

Character varieties
Fix integers g ≥ 0, k, n > 0. We also fix a k-tuple of partitions of n which we denote by µ = (µ 1 , . . . ,
. . are non-negative integers and j µ i j = n. Finally, let K be an algebraically closed field such that
(2.1.1)
We now construct a variety whose points parametrize representations of the fundamental group of a k-punctured Riemann surface of genus g into GL n (K) with prescribed images in semisimple conjugacy classes C 1 , . . . , C k at the punctures. Assume that
and that (C 1 , C 2 , . . . , C k ) has type µ = (µ 1 , µ 2 , . . . , µ k ); i.e., C i has type µ i for each i = 1, 2, . . . , k, where the type of a semisimple conjugacy class C ⊂ GL n (K) is defined as the partition µ = (µ 1 , µ 2 , . . .) ∈ P n describing the multiplicities of the eigenvalues of (any matrix in) C.
For example, if k = 1 and C 1 is of type (n 1 ) i.e. consists of the diagonal matrix of eigenvalue ζ (with ζ n = 1 so that (2.1.2) is satisfied) then C is generic if and only if ζ is a primitive n-th root of 1.
Lemma 2.1.2. There exists a generic k-tuple of semisimple conjugacy classes
and set A ν := ker φ ν . By hypothesis char(K) ∤ d and hence K contains a primitive d-th root of unity
Hence we can change coordinates in this lattice so that u is part of a basis. In the corresponding new variables of A the equation defining A ′ is For a k-tuple of conjugacy classes (C 1 , . . . , C k ) of type µ define U µ as the subvariety of GL n (K) 2g+k of elements (A 1 , . . . , A g , B 1 , . . . , B g , X 1 , . . . , X k ) which satisfy
In §7.1 we describe the defining equations of U µ , showing that it is indeed an affine variety.
Remark 2.1.3. If Σ g is a compact Riemann surface of genus g with punctures S = {s 1 , . . . , s k } ⊆ Σ g then U µ can be identified with the set
(for some choice of base point, which we omit from the notation). Here we use the standard presentation
(γ i is the class of a simple loop around s i with orientation compatible with that of Σ g ).
We have GL n acting on GL 2g+k n by conjugation. As the center acts trivially this induces an action of PGL n . The action also leaves (2.1.4), the defining equations of U µ invariant, thus induces an action of PGL n on U µ . We call the affine GIT quotient
a generic character variety of type µ. We denote by π µ the quotient morphism
Proposition 2.1.4. If (C 1 , . . . , C k ) is generic of type µ then the group PGL n (K) acts set-theoretically freely on U µ and every point of U µ corresponds to an irreducible representation of π 1 (Σ g \ S ).
Assume that all the matrices A i , B i and X j preserve a subspace
Taking determinants of both sides we see that the product of the eigenvalues of the matrices X ′ i equals 1. Hence, by the genericity assumption, either V = 0 or V = K n and the corresponding representation of
Now suppose g ∈ GL n (K) commutes with all the matrices A i , B i and X j . By the irreducibility of the action we just proved it follows from Schur's lemma that g ∈ GL n (K) is a scalar. Hence PGL n (K) acts set-theoretically freely on U µ (K). Let
We have 
Exactly as in [17 
Quiver varieties
As in §2.1 we fix g, k, n, µ. But in this section we take an algebraically closed field K, which satisfies
where 
This shows the first part of our Lemma. Proof. Similar to that of Proposition 2.1.4.
GL n acts on V µ by simultaneously conjugating the matrices in the defining equation (2.2.4) of V µ . We can thus construct an affine quiver variety of type µ as the affine GIT quotient
In Theorem 2.2.5 below we will prove that Q µ is isomorphic to a quiver variety associated to a certain comet-shaped quiver, hence its name.
Proof. The proof is similar to that of Theorem 2.1.5.
We now review the connection between Q µ and quiver representations due to Crawley-Boevey [2] . Let
1≤ j≤s i and let Γ be the quiver with g loops on the central vertex represented as below 1 :
A dimension vector for Γ is a collection of non-negative integers v = {v i } i∈I ∈ Z I ≥0 and a representation of Γ of dimension v over K is a collection of K-linear maps φ i, j : K v i → K v j for each arrow i → j of Γ that we identify with matrices (using the canonical basis of K r ). Let Ω be a set indexing the edges of Γ. For γ ∈ Ω, let h(γ), t(γ) ∈ I denote respectively the head and the tail of γ. The algebraic group i∈I GL v i (K) acts on the space
The picture is from [36] .
of representations of dimension v in the obvious way. As the diagonal center (λI v i ) i∈I ∈ i∈I GL v i (K) acts trivially the action reduces to an action of
Clearly two elements of Rep K (Γ, v) are isomorphic if and only if they are G v (K)-conjugate.
Let Γ be the double quiver of Γ i.e. Γ has the same vertices as Γ but the edges are given by Ω := {γ, γ * | γ ∈ Ω} where h(γ * ) = t(γ) and t(γ * ) = h(γ). Then via the trace pairing we may identify Rep K Γ, v with the cotangent bundle T * Rep K (Γ, v). Define the moment map
where
v (ξ)//G v (K) the affine quiver variety. These and related quiver varieties were considered by many authors including Kronheimer, Lusztig, Nakajima and Crawley-Boevey [26, 30, 33, 1] . Following [2] , we now identify our Q µ , constructed from a generic k-tuple (O 1 , . . . , O k ) of type µ, with a certain quiver variety. We define s as s i = ℓ(µ i ) − 1 where ℓ(λ) denotes the length of a partition λ. Then we define v ∈ Z I ≥0 as v 0 = n and v [i, j] 
, and denote by ϕ 1 , ϕ 2 , . . . , ϕ g the linear maps
associated to the g loops in Ω. Following [2, Section 3], we construct a surjective algebraic morphism
To show that ω(φ) ∈ V recall that µ at the vertex 0 is given
It is straightforward to see [2, Section 3] that we have X i ∈ O i for all i ∈ {1, . . . , k} from which we deduce that indeed
The map ω induces a bijection between isomorphic classes of simple representations in µ −1 v (ξ) and the GL n (K)-conjugacy classes of the set of tuples (A 1 , B 1 , . . . , A g , B g , X 1 , . . . , X k ) ∈ V thus we have [2] : Proof. We will construct a non-singular variety M with a smooth map f :
Moreover we will define an action of C × on M covering the standard action on C such that M C × is projective and the limit point lim λ→0 λx exists for all x ∈ M. Then Proposition 7.2.1 will prove that H * (Q µ ) has pure mixed Hodge structure.
Similarly to (2.2.5) we define
We call
Because µ is indivisible we can take a generic n. Now the character χ n will give a linearization of the action of G v on µ −1 (0) × C and so we can consider the GIT quotient
We note that C × acts on µ −1 (0) by
commuting with the G v action thus descends to an action of C × on M. Finally, we also have the map Proof. M is non-singular because by the Hilbert-Mumford criterion for (semi)-stability [22] , every semistable point on µ −1 (0) will be stable due to (2.2.8).
The map f is a submersion because the derivative ∂ z µ = i∈I ξ i Id 0 is non-zero. Construct the affine GIT quotient
using the non-generic 0 ∈ Z I weight. Then the natural map M → M 0 is proper and the C × -action (2.2.9)
on M 0 has one fixed point coming from the origin in Rep K Γ, v × C and all C × orbits on M 0 will have this origin in its closure. The remaining statements of the Proposition follow.
To conclude the proof of Proposition 2.2.6 it is enough to note that by the GIT construction we have the natural map f −1 (1) → M ξ , which -as a resolution of singularities and M ξ being non-singular -is an isomorphism. Therefore Proposition 7.2.1 implies the result.
Generating functions
We denote by P the set of all partitions including the unique partition 0 of 0, by P * the set of non-zero partitions and by P n be the set of partitions of n. Partitions λ are denoted by λ = (λ 1 , λ 2 , . . .), where λ 1 ≥ λ 2 ≥ . . . ≥ 0. We will also sometimes write a partition as (1 m 1 , 2 m 2 , . . . , n m n ) where m i denotes the multiplicity of i in λ. The size of λ is |λ| := i λ i ; the length l(λ) of λ is the maximum i with λ i > 0.
We choose once for all a total order ≥ on the set of pairs (d, λ) where d ∈ Z * ≥0 and λ ∈ P * = P − {0} such
if λ is larger than µ with respect to the lexicographic order. We denote by T the set of non-increasing sequences
, which we will call a type. The size of a type ω is |ω| := i d i |λ i |. We denote by T n the the types of size n. We denote by m d,λ (ω) the multiplicity of (d, λ) in ω. As with partitions it is sometimes convenient to consider a type as a collection of integers
be the ring of functions separately symmetric in each set x 1 , x 2 , . . . , x k of infinitely many variables. Depending on the situation we will consider elements in Λ(x 1 , . . . , x k ) ⊗ Z Q(q, t) where q and t are two indeterminates or similarly
To ease the notation we will simply write Λ for the various rings
, etc. as long as the context is clear. When considering elements a µ ∈ Λ indexed by multipartitions µ = (µ 1 , . . . , µ r ) ∈ P k , we will always assume that they are homogeneous of degree (|µ 1 |, . . . , |µ k |). Given any family of symmetric functions indexed by partitions µ ∈ P and a multipartition µ ∈ P k as above define
Let ·, · be the Hall pairing on Λ(x), extend its definition to Λ(x 1 , . . . , x k ) by setting
for any a 1 , . . . , a k ; b 1 , . . . , b k ∈ Λ(x) and to formal series by linearity. Given any family of symmetric functions A λ (x 1 , . . . , x k ; q, t) ∈ Λ indexed by partitions with A 0 = 1, we extend its definition to types
Here
. . (technically we are applying the Adams operation ψ d to A ω j in the λ-ring Λ).
We will use the maps Exp and Log of [17] extended to Λ. The general context is that of λ-rings [9] but the following discussion will suffice for us.
The map Exp is related to the Cauchy kernel
is the monomial symmetric function). It has an inverse Log defined as follows. Given
where µ is the ordinary Möbius function, then
Suppose A λ (x 1 , . . . , x k ; q, t) ∈ Λ is a sequence of symmetric functions indexed by partitions with A 0 = 1. We want an expression for
We first compute
where U n and V n are related by (2.3.4) . By the multinomial theorem we have
where m := λ m λ and the sum is over all sequences {m λ } of non-negative integers such that
We find then Alternatively, we may consider not collecting equal terms when expanding the logarithm to obtain
where the sum is over λ 1 , λ 2 , . . . ∈ P * and d ∈ Z >0 such that
Finally, we may also rewrite the expression for V n as a sum over types ω:
Remark 2.3.1. The formal power series n≥0 a n T n with a n ∈ Λ that we will consider in what follows will all have a n homogeneous of degree n. Hence we will typically scale the variables of Λ by 1/T and eliminate T altogether.
The genus g hook function
For details on this section we refer the reader to [17] . Given a partition λ ∈ P n we define the genus g hook function
where the product is over all cells s of λ with a(s) and l(s) its arm and leg length, respectively. We will use the following specializations:
where a λ (q) is the cardinality of the centralizer of a unipotent element of GL n (F q ) with Jordan form of type λ [32, IV, (2.7)].
2) It is also not difficult to verify that
is the hook polynomial [32, I, 3, example 2].
Mixed Hodge polynomials and polynomial count varieties
We refer the reader to [17] for details on this section. For a complex quasi-projective algebraic variety X we let H(X; x, y, z) and H c (X; x, y, z) be its mixed Hodge polynomial and compactly supported mixed Hodge polynomial, respectively. They satisfy the following properties. The specialization H(X; 1, 1, z) is the Poincaré polynomial P(X; z) := k dim H k (X, C) z k and similarly with H c and P c . The
, which is equal to the ordinary Euler characteristic by [19] . We denote it by E(X).
If X is non-singular of pure dimension d, i.e., if X is the disjoint union of its irreducible components all non-singular of same dimension d, then Poincaré duality implies that
We recall the result of Katz given in the appendix to [17] .
Theorem 2.5.1. Assume that X/C is strongly-polynomial count with counting polynomial P
If X is polynomial-count, we put E(X; q) := E X; √ q, √ q and just call it the E-polynomial of X to simplify. Note that in this 
Proof. By the above remark we have
Since the only non-zero term of this sum is when k = i + j, by the purity assumption, we get that (−1) 
Complex characters of GL
Here we recall how to construct the irreducible characters of GL n (F q ) and gl n (F q ) using the Deligne-Lusztig theory. We choose a prime ℓ which is invertible in the finite field F q . Since Deligne-Lusztig theory uses ℓ-adic cohomology it will be more convenient to work with Q ℓ -characters instead of complex characters. Note that there is a non-canonical isomorphism over Q between the two fields C and Q ℓ . The counting formulas (1.2.1) and (1.3.2), which involve character values, do not depend on the choice of such an isomorphism.
Generalities
Let n ∈ Z >0 , we put GL n = GL n (F q ), and gl n = gl n (F q ). Unless specified, here the letter G will always denote a Levi subgroup of a parabolic subgroup of GL n , i.e., a subgroup of GL n which is GL n -conjugate to some H = r i=1 GL n i where r i=1 n i = n. For short we will say that G is a Levi subgroup of GL n . If n i = 1 for all i, then G is a maximal torus of GL n . The Lie algebra of G is isomorphic to the Lie algebra H = i gl n i of H. Let Ad : G → GL(g) be the adjoint representation: we have Ad(g)x = gxg
for g ∈ G and x ∈ g. For g ∈ G, we denote by g s the semisimple part of g and by g u the unipotent part of g, we have g = g s g u = g u g s . If x ∈ g, we denote respectively by x s and x n the semi-simple part of x and the nilpotent part of x. We then have x = x s + x n with [x s , x n ] = 0. Let x ∈ g and let K be a subgroup of G, we denote by C K (x) the centralizer of x in K with respect to the adjoint action. If k is a Lie subalgebra of g, we denote by C k (x) the centralizer of x in k, i.e., C k (x) = {y ∈ k| [x, y] = 0}. We denote respectively by Z G the center of G and by
Finally, we denote by G uni , resp. g nil , the subvariety of unipotent elements of G, resp. the subvariety of nilpotent elements of g.
Frobenius endomorphisms:
We denote by F : GL n → GL n , and F : gl n → gl n the standard Frobenius endomorphisms (a i j ) → (a q i j ). Assume that G is F-stable. Then g ⊂ gl n is F-stable and the restrictions F : G → G, F : g → g are Frobenius endomorphisms on G and g. We also have F(Ad(g)x) = Ad(F(g))F(x), therefore, Ad induces an action of the finite group G F on the finite Lie algebras g F . Since G is conjugate to H, the Frobenius endomorphism F : G → G corresponds to some 
There is a well-defined map which sends the G F -conjugacy class of T ′ to the F-conjugacy class of the image w of g
, moreover this map is bijective. This parametrization depends only on the G F -conjugacy class of T . If w ∈ W G (T ), then we will denote by T w an arbitrary F-stable maximal torus of G which is in the G F -conjugacy class corresponding to the F-conjugacy class of w in W G (T ), and we will denote by t w its Lie algebra. Under the isomorphism
Unless specified, we will always consider parameterizations with respect to G-split F-stable maximal tori of G, in which case we will write W G instead of W G (T )
Example: Let n = 2, let x ∈ F q 2 − F q , and let
Since |W GL 2 (T )| = 2, any F-stable maximal torus of GL 2 is either GL 
Lusztig induction:
Let ℓ ∤ q be a prime. Let L be an F-stable Levi subgroup of a (possibly non 
Let C(G F ) be the Q ℓ -vector space of all functions G F → Q ℓ with are constant on conjugacy classes of G F . If C is a conjugacy class of G F and x ∈ C, we denote either by 1 C or 1
x the characteristic function of C that takes the value 1 on C and 0 elsewhere. 
Characters of GL
The character table of GL n (F q ) was first computed by Green [11] . Here we recall how to construct it from the point of view of Deligne-Lusztig theory [31] .
Here we assume that G = GL n . Let L be an F-stable Levi subgroup of G and let ϕ be an F-stable irreducible character of W L . Then there is an extensionφ of ϕ to the semi-direct product
is an irreducible true character of G F and any irreducible character of G F is obtained in this way [31] . An irreducible character of G F is thus completely determined by the
The irreducible characters corresponding to the data (L, θ L , 1) are called semisimple characters of G F . This process of decomposing the irreducible characters is sometimes called Lusztig-Jordan decomposition. By analogy with Jordan decomposition of conjugacy classes, the semisimple part of X would be θ L and the unipotent part would be X L ϕ . It is indeed well-known that if C is a conjugacy class of
2.6.6. Characters of gl n (F q ): The characters of gl n (F q ) were first studied by Springer [35] .
We denote by Fun(g F ) the Q ℓ -vector space of all functions g F → Q ℓ and by C(g F ) the subspace of all functions f : g F → Q ℓ which are G F -invariant, i.e., for any h ∈ G F and any
We are interested in the characters (non-necessarily irreducible) of the abelian group (g F , +) which are G F -invariant, i.e., which are in C(g F ). We call them the invariant characters of g F . We say that an invariant character of g F is irreducible if it can not be written as a sum of two invariant characters. We denote by Irr G F (g F ) the set of irreducible invariant characters of g F . We now describe them in terms of Fourier transforms.
We fix once for all a non-trivial additive character Ψ : F q → Q × ℓ and we denote by µ : g × g → F q the trace map (a, b) → Trace(ab). It is a non-degenerate G-invariant symmetric bilinear form defined over F q . We define the Fourier transform F g : Fun(g F ) → Fun(g F ) with respect to (Ψ, µ) by
Note that for σ,
For a fixed y ∈ g F , the map g F → Q ℓ , x → Ψ x, y is an irreducible characters of the abelian finite group
, being a sum of characters of (g F , +), is a character of (g F , +). Since the sum is over a single adjoint orbit it is clearly an irreducible invariant character, i.e.,
Let L be an F-stable Levi subgroup of G and let l be its Lie algebra. We also have a Deligne-Lusztig induction C(l F ) → C(g F ) defined in [27] . Let ω : g nil → G uni be the G-equivariant isomorphism given by v → v + 1. For an F-stable maximal torus T of G with t := Lie(T ), the Deligne-Lusztig induction R g t is defined by the following character formula:
where θ ∈ C(t F ) and x ∈ g F . Note that C G (x s ) is a Levi subgroup of G. For any semisimple element σ ∈ g F , we have the following character formula [28, 7.3.3] :
Note that if X is a semisimple character of GL n (F q ), then it is given by Formula (2.6.2) withφ = 1. Hence the character formulas for semisimple characters of GL n (F q ) and gl n (F q ) are similar and can be computed in the same way.
Counting with Fourier transforms
Let K be an algebraically closed field isomorphic to C. Fix such an isomorphism and pull back complex conjugation to K. This gives us an involution on K, which we denote by x → x, such that ζ = ζ −1 for any root of unity ζ in K.
Group Fourier transform
Let G be a finite group. We construct an analogue of the Fourier transform for class functions of G. For convenience we introduce the following notation. Let G • be the measure space consisting of G with its Haar measure, i.e., such that the measure of {g} for g ∈ G is 1/|G|. Clearly, the total mass of G • is 1. Let C(G • ) be the K-vector space of class functions on G (a class function on G is a function which is constant on conjugacy classes). Similarly, let G • be the measure space on the set of irreducible characters of G with its Plancherel measure, i.e., such that the measure of the set {χ} for an irreducible character χ of G is χ(1) 2 /|G|. Again, the total mass of G
• is 1. Let C(G • ) be the K-vector space of functions on G • .
We now define maps F • and F • which are analogues of the Fourier transform for G. We describe some of their formal properties leaving their proofs to the reader.
Define
and
Up to a factor of |G| these maps are mutual inverses of each other. More, precisely
Consider the algebra structures on C(G • ) and C(G • ) defined by convolution and pointwise multiplication, respectively. I.e.,
(it is easy to check that f 1 * f 2 is indeed a class function and hence belongs to C(G • )). The maps F • and F • preserve these operations,
Proof. This is just a special case of Fourier inversion (3.1.1) as both sides equal
Given a word w ∈ F r , where F r = X 1 , . . . , X r is the free group in generators X 1 , . . . , X r , we let n(w) be the function on G defined by 
The following lemma is straightforward and we omit its proof.
Lemma 3.1.2. 1) For a word w ∈ F r n(w)(1) = G •
N(w)(χ) dχ
2) If w 1 , w 2 are two words in separate sets of variables then n(w 1 w 2 ) = n(w 1 ) * n(w 2 ).
3) Let C 1 , . . . , C k be conjugacy classes in G and w ∈ F r . For z ∈ G the number of solutions to
where for any conjugacy class C we denote by
A proof of the following result can be found in [17, 3.2].
Lemma 3.1.3. For w
Finally, putting all the pieces together we see we have the following result. 
and for any conjugacy class C
Remark 3.1.5. The proposition, as well as the introduction of the functions f χ , is due to Frobenius. Proofs can be found in many places in the literature since then. The purpose of reproving it here is to draw as close a parallel as possible with the additive version of the next section.
Equivariant Fourier Transform
If the group G of the previous section is abelian what we have is the usual Fourier transform. Here we consider the situation of an abelian group, which will now denote by A, together with an action of another group G. We will describe a Fourier transform on A, which is equivariant with respect to the action of G and parallels the one in § 3.1. We will apply this to our main example: A = gl n and G = GL n acting via the adjoint action. Let A • be as in § 3.1 and let X := Hom(A, K × ). We have a natural action of G on X as follows.
It is a G-invariant character of the group A. We let A • be the measure space on the set of such χ's where the measure of {χ} is χ(0)/|A|. The total measure of A
• is 1 as χ(0) = #X.
In analogy with § 3.1 we let C(A • ) be the K-vector space of functions on A which are G-invariant and let C(A • ) be the K-vector space of functions on A • .
Note that if f : A → K is constant on G-orbits and φ
is constant on the G-orbit X of φ. Hence we can write this sum as
where χ corresponds to X. In other words, F • is (up to scaling) just the usual Fourier transform restricted to G-invariant functions on A. Similarly, F • is the usual inverse Fourier transform (up to scaling) restricted to G-stable characters of A. It follows that all the formal properties of the previous section also hold here. In particular, we have
Now let A = gl n (F q ) and G = GL n (F q ) acting via the adjoint action on A. We consider the additive analogue of Proposition 3.1.4. For x, y ∈ A let [x, y] := xy − yx. For fixed φ ∈ X and y ∈ A the map x → φ([x, y]) is in X. Let C A (φ) be the subgroup of y ∈ A for which this character is trivial. Its cardinality only depends on the G-orbit X of φ; we will denote it by c(χ), where χ = φ∈X φ ∈ A
• is associated to X.
Proposition 3.2.2. Let O 1 , . . . , O k be G-orbits in A. The number of solutions to
L(χ) := |A| c(χ) and and for any G-orbit
Proof. We may proceed exactly as with the proof of Proposition 3.1.4 thanks to the formal properties of the Fourier transform. The analogue of Lemma 3.1.3 is the following calculation. Let n ∈ C(A • ) be the function whose value at a ∈ A is the number of solutions x, y ∈ A of [x, y] = a. Then with our previous notation
The sum x∈A φ([x, y]) vanishes unless y ∈ C A (φ) in which case it equals |A|. Hence F • (n)(χ) = |A| c(χ).
Remark 3.2.3. With the notation of §2.6.6, the GL n (F q )-invariant characters of gl n (F q ) are the functions
where O describes the set of adjoint orbits. Then note that
and c
Sums of character values
In this section we obtain a formula which will be used, together with the results of §3, to compute the number of F q -rational points of character and quiver varieties over F q . Here G = GL n (F q ).
Types of conjugacy classes, irreducible characters and Levi subgroups
Let C be a conjugacy classes of G F . The Frobenius f : F q → F q , x → x q acts on the set of eigenvalues of C, therefore we may write the set of eigenvalues of C as a union of f -orbits Recall (see §2.6) that an irreducible character
We choose the indexing such that
Let S n be the symmetric group in n letters and let ν ∈ S n ≃ W G , where W G is the Weyl group of G (with respect to some split F-stable maximal torus), be such that the map z → νzν −1 acts on each component of
and so L F is isomorphic to
The F-conjugacy classes of W L are thus parametrized by the conjugacy classes of i S n i , i.e., by the set P n 1 × ... × P n s . The set of F-stable irreducible characters of W L is in bijection with Irr(S n 1 ) × ... × Irr(S n s ) which, by the Springer correspondence, is parametrized by P n 1 × ... × P n s in such a way that the trivial character corresponds to the multipartition ((n 1 ) 
It will be convenient to introduce the setT n of non-increasing sequences (
The types of the semisimple conjugacy classes are in bijection withT n by
SimilarlyT n parametrizes the types of the semisimple irreducible characters of G F by
The map which assigns to a semisimple element of G the Levi subgroup C G (σ) gives a natural bijection between the types of the semisimple conjugacy classes of G F and the G F -conjugacy classes of the F-stable Levi subgroups of G. We will use the setT n to parametrize the G F -conjugacy classes of the F-stable Levi subgroups of G. Namely if λ = (d 1 , n 1 )...(d r , n r ) ∈T n , then a representative L of the corresponding G F -conjugacy class will satisfy (4.1.1). In this case we say that L is of type λ. 
Generic characters and generic conjugacy classes
We have the following proposition.
Proposition 4.2.1. Assume that L is of type
where µ is the ordinary Möbius function.
Proof. Let ν ω be an element of S n such that the map z → ν ω zν
Γ(h). We denote by P(ω) the set of Levi subgroups H of G such that M ⊂ H ⊂ G and P(ω)
F ω the elements of P(ω) fixed by F ω . We have the following partitions
F ω . Therefore F ω preserves the above partition, and Z
We define a partial order on P(ω) by,
. Then G is the unique minimal element and M is the unique maximal element. We have a map ǫ :
and a map ǫ
F ω where µ ω is the Möbius function on the poset P(ω) F ω . In particular
Using the assumption on Γ, we deduce that 
For each i ∈ {1, ..., k}, let s i be the semisimple part of an element of C i . LetC i be the conjugacy class of s i in G. We say that C 1 , ..., C k are generic ifC 1 , ...,C k are generic in the sense of Definition 2.1.1.
The following proposition is "dual" to Proposition 4.2.1. 
Note that g i s i g 
Calculation of sums of character values
For a partition λ, let t λ ∈ S |λ| be an element in the conjugacy class of type λ. Then we denote by z λ the cardinality of the centralizer of t λ in S |λ| . For two partitions λ, µ such that |λ| = |µ|, we denote by χ λ µ the value at t µ of the irreducible character χ λ of S |λ| . We define the Green polynomial PutT = ∪ n>0Tn , and define a map π : T →T by
For two types ω and τ, put χ
Note that Formula (4.3.1) extends to types, namely Q ω τ (q) = ν χ ν τK νω (q) where τ, ω, ν ∈ T.
where for a partition ν = (n 1 , ..., n r ) and d ∈ Z >0 , d · ν is the partition (dn 1 , ..., dn r ), and where for partitions ν = (1
For µ = (µ 1 , ..., µ k ) ∈ T n k and ω ∈ T n , define
where the sum is over the irreducible characters of G F of type ω. Proof. Let X be an irreducible character of type α ∈ T n and let O be a conjugacy class of G F of type β ∈ T n , we have (see Formula (2.6.2)) 
Since by convention χ α τ = 0 if τ α, we omit the condition τ ∼ α in the above sum. The map
where A ν is the set of elements lL
Let us determine the set A ν . The L F -conjugacy classes of the F-stable maximal tori of L F are parametrized by the set {ν| ν ∼ β}. Let T ν denote an F-stable maximal torus of L whose L F -conjugacy class is of type ν ∈ {γ| γ ∼ β,
→ B ν /L which commutes with F. We thus have a bijection
Since L is connected we get bijections
Under this bijection, the elements of A ν correspond to the elements 
We deduce that A ν is in bijection with the set W ν of elements
Let us determine the cardinality of A ν as we will need it later. Put
We have a bijective map
We first compute the second sum. Let (L, C) be a pair of type ω where L is an F-stable Levi subgroup and C and F-stable unipotent conjugacy class of L. Let u ∈ C. We have a surjective map (Z L )
. Therefore the fibers of our map can be
Applying the Formula (4.3.2) with (α, β) = (µ i , ω), we get
is a linear character of Z F L . By assumption, it is generic and so by Proposition 4.2.1, we have z∈(Z L )
The assertion (2) of the theorem follows then from the Formula (4.3.3).
Let us now compute
is surjective and its fibers are of cardinality |W(ω)|. We thus have
where σ i,s is the semisimple part of some fixed element
. The assertion (1) of the theorem follows from Proposition 4.2.3 and Formula (4.3.3).
E-polynomial of character varieties
Fix a non-negative integer g and choose k-generic semisimple conjugacy classes are the multiplicities of the distinct eigenvalues of C i . A partition λ = (n 1 , ..., n r ) of n can be seen as the type λ * := (1, 1 n 1 )...(1, 1 n r ) ∈ T n which is the type of a semisimple conjugacy class in the sense of §4.1. Similarly when a multipartition λ is considered as a multitype it is denoted by λ * . Let M µ be the corresponding complex character variety as defined in §2.1. In this section we prove that M µ is polynomial-count and we give a close formula for E(M µ ; q). This formula will be used to compute the Euler characteristic (see §5.2) and to prove the connectedness of M µ [15] .
The aim of this section is to prove the following theorem.
Theorem 5.1.1. The variety M µ is polynomial-count and its E-polynomial is given by
where H µ (z, w) is as in the introduction and d µ = dim(M µ ).
Recall that for a partition λ ∈ P, we have
Hence for a type ω ∈ T, we have
On the other hand the decomposition Q τ λ (q) = ν χ ν λK ντ (q) with λ, τ ∈ P extends to types, i.e., for ω, ν ∈ T, we have Q ω ν (q) = τ χ τ νKτω (q). Hence we may write
The last equality is straightforward.
Put
where H λ (z, w) is the genus g hook function (see introduction and §2.4). 
Proof. LetK νλ (q, t) be defined asH λ (x; q, t) = νKνλ (q, t)s ν (x). For two partitions ν, λ ∈ P n , we have [32,
With the specialization
We obtain therefore,
Lemma 5.1.6. Let x, y be as in Lemma 5.1.5 and let λ ∈ P. With the specialization y i = q i−1 , we have Proof. We need to prove that for m ∈ Z >0 ,
In the language of plethystic substitution (we use the notation of [10] ), the transformed Hall-Littlewood H µ (x; q) with µ ∈ P is defined asH
where P µ (x; q) is the Hall-Littlewood symmetric function defined in [32] . Since H
On the other hand from [32, VI, (4.8)] we have
Since for any symmetric function u, we have u(xy) = u X 1−q , we deduce that
The lemma follows thus from Formula (5.1.2).
We are now in position to prove Theorem 5.1.3.
Proof. Let k be an algebraic closure of F q . Since PGL n (k) is connected any F-stable PGL n (k)-orbit of U φ µ (k) contains an F-stable point, i.e., an F q -rational point. Hence the natural map
is surjective. The k-tuple of conjugacy classes (C φ 1 , ..., C φ k ) being generic, the group PGL n (F q ) acts freely on U φ µ (F q ), and so the above map is injective. Hence
Let Irr(G F ) ω denote the set of irreducible characters of type ω. We denote by X ω (1) the degree of the irreducible characters in Irr(G F ) ω . For i ∈ {1, ..., k}, let C i be the conjugacy class
. From Proposition 3.1.4 and Theorem 4.3.1(1), we have
with A(ω, µ 
|, see Formula (2.3.9) and Proposition 4.2.1. Using also Lemma 5.1.4, we thus deduce that:
In the third equality |ω| is defined as the size of ω, i.e., |ω| = n if ω ∈ T n . The last equality follows from Lemma 5.1.6. For any symmetric functions u and v, u(xy), v(x) = u(x), v(xy) . This can be checked on the basis of power symmetric functions. We deduce from Lemma 5.1.5 that
We thus have
We have
. It remains to check that the remaining power of q is d µ /2, but this follows from the observation that µ i * , µ
Here we can prove a consequence of the Curious Poincaré duality Conjecture 1.1.2:
Corollary 5.1.7. The E-polynomial is palindromic i.e. satisfies the "curious" Poincaré duality:
Proof. By Theorem 2.1.5 the variety M µ is non-singular of pure dimension d µ . Hence the second equality is a consequence of Formula (2.5.1). From Theorem 5.1.1 we have
and that H λ (q
Since λ, λ = 2n(λ) + |λ|, we deduce that
Let us computeH λ (x; q −1 , q). Using the calculations in Proposition 5.1.5 and noticing that p ρ (y
, from which we get that
Euler characteristic of character varieties
The 2g-dimensional torus (C × ) 2g acts freely on the character variety M µ by scalar multiplication on the first 2g coordinates. LetM µ be the GIT quotient M µ //(C × ) 2g . For a ring homomorphism φ : R → F q let M φ µ andM φ µ be the corresponding base changes to F q . We have
Here we compute E(M µ ). We need the following lemma. 
Proof. For a finite group G let ·, · G denote the standard inner product on class functions of G. Using the Frobenius characteristic map [32, I,7] we have, for any two partitions λ = (λ 1 , λ 2 , . . . , λ r ) and µ = (µ 1 , µ 2 , . . . , µ s ) of size n,
where δ µ (σ) = 1 if σ ∈ S n has cycle type µ and δ µ (σ) = 0 otherwise, S λ := S λ 1 × S λ 2 × · · · × S λ r ⊆ S n and z µ is the index of the centralizer in S n of any element of cycle type µ. Hence, by Frobenius reciprocity
The only non-zero terms contributing to the sum implicit in the right hand side are those elements of S λ with cycle type (µ 1 , . . . , µ r ) with 
Proof. First note that
where, as before,
where m := λ m λ and the sum is over all sequences {m λ } of non-negative integers such that λ m λ |λ| = n.
The last equality follows from Lemma 5.2.1 
Hence
by Euler's formula. As before, let U n = U n (x 1 , . . . , x k ) and V n = V n (x 1 , . . . , x k ) be the coefficients of log Ω
The last equality follows from Lemma 5.2.1.
Remark 5.2.4. The task to evaluate the Euler characteristic when g = 0 is more complicated, due to the presence of high order poles in
The pure part of H µ (z, w)
In this section we fix once and for all a multipartition µ = (µ 1 , ..., µ k ) ∈ P n k where
). We are interested in the specialization (z, w) → (0, w) of H µ (z, w) which we call the pure part of H µ (z, w), see the introduction. Here we give both a representation theoretical and a cohomological interpretation of H g µ (0, w).
Multiplicities in tensor products
In this section G = GL n (F q ). For a partition µ = (n 1 , ..., n r ) we define µ † to be the type (1, (n 1 ) 1 )...(1, (n r ) 1 ) ∈ T. Let (X 1 , ..., X k ) be a generic tuple of k-irreducible characters of type µ † := (µ 1 † , ..., µ k † ) ∈ T n . The irreducible characters X 1 , ..., X k are then semisimple. Put
Theorem 6.1.1. We have 
Poincaré polynomial of quiver varieties
Here we assume that µ is indivisible so that we can choose a generic tuple (O 1 , ..., O k ) of semisimple adjoint orbits of gl n (C) of type µ. Let Q µ be the corresponding complex quiver variety as in §2.2.
Theorem 6.2.1. The compactly supported Poincaré polynomial of Q µ is given by P c Q µ ; t) = t d µ H µ 0, t .
As we did for the character variety in Appendix 7.1, we define a spreading out Y µ /R of Q µ such that for any ring homomorphism φ : R → K into an algebraically closed field K, the adjoint orbits O 
where the second sum is over the adjoint orbits O of g F of type ω. The type of adjoint orbits is defined exactly as for conjugacy classes, see §4.1. We need the following lemma Proof. We first remark that if C is a semisimple adjoint orbit of g F of type (1, 1 n 1 )(1, 1 n 2 )...(1, 1 n r ), then by Formula (2.6.5)
where L = r i=1 GL n i (F q ) and where σ ∈ C ∩ L. If X is an irreducible character of type (1, (n 1 ) 1 )(1, (n 2 ) 1 )...(1, (n r ) 1 ), by Formula (2.6.2) we have We may now proceed as in the proof of Theorem 6.1.1 to complete the proof of Theorem 6.2.2.
Quiver representations, Kac-Moody algebras and the character ring of GL n (F q )
Let Γ be the comet-shaped quiver associated to g and µ as in §2.2 and let α be the dimension vector with dimension As mentioned in the introduction, the problem of the non-emptiness of Q µ in the genus g = 0 case, which is part of the Deligne-Simpson problem, was first solved by Kostov [24] [25] . The equivalence of (a) and (b) in Theorem 6.3.1 is formally similar to the connection between the Horn's problem (which asks for which partitions λ, µ, ν does H λ + H µ + H ν = 0 have solutions in Hermitian matrices) and the problem of the non-trivial appearance of the trivial representation in the tensor product V λ ⊗ V µ ⊗ V ν of the irreducible representations V λ , V µ , V ν of GL n (C) [23] .
We conclude with a naturally arising question: Can the identity A µ (q) = Λ ⊗ R µ , 1 in §1.4 be strengthened by establishing an explicit bijection between the set of isomorphic classes of absolutely indecomposable representations of Γ and a basis of (
and V i is a representation of GL n (F q ) which affords the character X i ?
Appendices
Appendix A
Fix integers g ≥ 0, k, n > 0. We now construct a scheme whose points parametrize representations of the fundamental group of a k-punctured Riemann surface of genus g into GL n with prescribed images in conjugacy classes C 1 , . . . , C k at the punctures. We give the construction of this scheme in stages to alleviate the notation.
Fix µ = (µ 1 , µ 2 , . . . , µ k ) ∈ P n k and let a Since R 0 is reduced and S does not contain 0 the localization
is not trivial (R is a ring with 1). We refer to it as the ring of generic eigenvalues of type µ.
In the special case where k = 1 and µ = (n) we have
and S ⊆ R 0 is the multiplicative set generated by (1 − a) n ′ for 1 ≤ n ′ < n. Proof. The natural map ψ : R 0 → R = S −1 R 0 has kernel the ideal generated by (1 − a n )/(1 − a n ′ ) for 1 ≤ n ′ < n. This means that ψ factors through Z[ζ n ] ֒→ R with ψ(a) = ζ n . Since 
